We consider the massive scalar field, the Proca field and the Fierz-Pauli field in the Schwarzschild spacetime and we focus more particularly on their long-lived quasinormal modes. We show numerically that the associated excitation factors have a strong resonant behavior and we confirm this result analytically from semiclassical considerations based on the properties of the unstable circular geodesics on which a massive particle can orbit the black hole. The conspiracy of (i) the long-lived behavior of the quasinormal modes and (ii) the resonant behavior of their excitation factors induces intrinsic giant ringings, i.e., ringings of huge amplitude. Such ringings, which are moreover slowly decaying, are directly constructed from the retarded Green function. If we describe the source of the black hole perturbation by an initial value problem with Gaussian initial data, i.e., if we consider the excitation of the black hole from an extrinsic point of view, we can show that these extraordinary ringings are still present. This suggests that physically realistic sources of perturbations should generate giant and slowly decaying ringings and that their existence could be used to constrain ultralight bosonic field theory interacting with black holes.
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I. INTRODUCTION
Ultralight bosonic fields are important ingredients of the fundamental theories beyond the standard model of elementary particles and the standard model of cosmology based on Einstein's general relativity. They are predicted by string theories as well as by higher-dimensional field theories and they could contribute to the dark matter content of the Universe and explain, without dark energy, its accelerated expansion. However, the particles associated with these fields are so light and are so weakly coupled with the visible sector particles that they have escaped detection so far. Thus, it is rather exciting to realize that ultralight bosonic fields interacting with black holes (BHs) could lead to "macroscopic" effects (see, e.g., Refs. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] for recent works on this subject) which could be used to provide strong evidence for the existence of these new particles and to constrain the parameters defining the associated field theories.
In this context, we have highlighted in our recent work dealing with the massive spin-2 field in the Schwarzschild spacetime a new and unexpected effect in BH physics [16] : around particular values of the graviton mass, the excitation factors of the long-lived quasinormal modes (QNMs) have a strong resonant behavior. This effect has an immediate fascinating consequence : it induces giant and slowly decaying ringings when the Schwarzschild BH is excited by an external perturbation. So, if massive gravity is relevant to physics, such extraordinary BH ringings could be observed by the future gravitational * decanini@univ-corse.fr † folacci@univ-corse.fr ‡ ould-el-hadj@univ-corse.fr wave detectors and allow us to test the various massive gravity theories. Otherwise, their absence could be used to impose constraints on the graviton mass and to further support Einstein's general relativity. In Ref. [16] , we focused only on the Fierz-Pauli theory [17, 18] in the Schwarzschild spacetime, a field theory which has been developed in great details by Brito, Cardoso and Pani in Ref. [10] and which can be obtained, e.g., by linearization of the pathology-free bimetric theory of Hassan, Schmidt-May and von Strauss [19] , an extension, in curved spacetime, of the fundamental work of de Rham, Gabadadze and Tolley [20, 21] . In our opinion, the effects we have described in this rather limited context are a general feature of all massive bosonic field theories in arbitrary BH spacetimes and, in this article, we intend to discuss more particularly, in the Schwarzschild spacetime, the cases of the real massive scalar field and of the massive vector field described by the usual Proca theory [6, 22] . We shall also discuss at greater length the case of the massive gravity theory already considered in Ref. [16] .
Before entering into the technical part of our work, it seems to us necessary to recall and to indicate some important points concerning the long-lived QNMs of BHs. First, we note that they should not be confused with the long-lived quasibound states (see, e.g., Refs. [23] [24] [25] [26] for important pioneering work on this particular topic) which have been the subject of recent work dealing with ultralight scalar fields as well as with massive spin-1 and spin-2 fields [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] 15] . The long-lived QNMs of BHs are resonant modes which can be encountered in various situations and, in particular, in the two important following contexts : (i) when we consider massless fields in the Kerr spacetime and that we increase the BH angular momentum up to the extremal limit (see Ref. [27] for a pioneering work on this topic) and (ii) when we consider massive fields in the Schwarzschild spacetime and that we increase the mass field up to the QNM disappearance (see Ref. [28] for a pioneering work on this topic). These weakly damped QNMs are really interesting. Indeed, BHs are usually considered as poor oscillators but, in the two contexts previously mentioned, they have very large quality factors and one might intuitively think that the QNMs are then easier to detect. However, it is in fact important to keep in mind that a long-lived QNM can be observed only if the corresponding quasinormal excitation factor is not too small because, in that case, it can be excited easily. We recall, in particular, that the long-lived QNMs of the rapidly rotating Kerr BH have quasinormal excitation factors which vanish in the extremal limit [29] . As a consequence, contrary to initial expectations, the rapidly rotating Kerr BH is not easier to detect. As far as the long-lived QNMs of the massive fields are concerned, the situation is very different as we have already noted in Ref. [16] and as we shall explain here in more detail. In general, the quasinormal excitation factors have a huge amplitude when the QNMs are weakly damped and the conspiracy of these two behaviors induces giant ringings so that the detectability of the BH is considerably improved.
Our paper is organized as follows. We only focus on the (ℓ, n) QNMs which are governed by a Regge-Wheelertype equation (here, ℓ denotes the angular momentum index while n is the overtone index). We are therefore concerned with all the QNMs of the scalar field (here ℓ ∈ N), all the odd-parity QNMs of the Proca field (here ℓ ∈ N * ), the even-parity ℓ = 0 QNMs of the Proca field and the odd-parity ℓ = 1 QNMs of the Fierz-Pauli field. In Sec. II, we consider the excitation factors B ℓn corresponding to the complex quasinormal frequencies ω ℓn of the (ℓ, n) QNMs and we study their evolution as functions of the dimensionless coupling constantα = 2M µ/m P 2 (here M , µ and m P denote, respectively, the mass of the BH, the rest mass of the field and the Planck mass). We show numerically that, in general, they present a resonant behavior around a critical valueα ℓn with a maximum which increases rapidly with the angular momentum index ℓ and decreases with the overtone index n. We furthermore note that, in a large range around the critical valueα ℓn , the imaginary part of the quasinormal frequency ω ℓn is very small, i.e., that the corresponding (ℓ, n) QNM is weakly damped. So, because the quasinormal excitation factors and the quasinormal frequencies can be used to quantify intrinsically the amplitude and the decay of the BH ringing, we show that, whenα is near, above and far above one of the critical valuesα ℓn , a slowly decaying giant ringing is generated. Moreover, we study numerically the role of the angular momentum index ℓ and of the overtone index n by comparing some giant ringings constructed directly from the retarded Green function. In Sec. III, we confirm analytically some of the previous results by using semiclassical considerations based on the properties of the unstable circular geodesics on which a massive particle can orbit the Schwarzschild BH. Of course, the point of view developed in Sec. II is an intrinsic one, i.e., it depends only on the BH properties. With astrophysical and physical considerations in mind, it is necessary to examine the role of the source of the field perturbation and to check that the resonant effects previously discussed are not neutralized in the presence of a realistic external perturbation. In other words, it is necessary to develop an extrinsic point of view and to study ringings constructed from the quasinormal excitation coefficients. Indeed, they permit us to include the contribution of the source of the perturbation into the BH response (see Ref. [30] for a clear analysis of the distinction between the quasinormal excitation factors and the quasinormal excitation coefficients). In Sec. IV, we describe the source of the perturbation by an initial value problem (see, e.g., Refs. [30] [31] [32] for previous works using such an approach) and we show that the use of quasinormal excitation coefficients still leads to giant ringings. In a conclusion, we discuss some limitations of our work as well as possible extensions.
Throughout this article, we adopt units such that = c = G = 1. We consider the exterior of the Schwarzschild BH of mass M defined by the metric
where dσ In the Schwarzschild spacetime, the time-dependent Regge-Wheeler equation
with the effective potential V ℓ (r) given by
governs the partial amplitudes φ ℓ (t, r) of (i) the modes of the massive scalar field (we then have ℓ ∈ N, A(ℓ) = ℓ(ℓ + 1) and β = 1), (ii) the odd-parity modes of the Proca field [we then have ℓ ∈ N * , A(ℓ) = ℓ(ℓ + 1) and β = 0], (iii) the even-parity ℓ = 0 mode of the Proca field [we then have A(ℓ) = 2 and β = −3] and (iv) the odd-parity ℓ = 1 mode of the Fierz-Pauli field [we then have A(ℓ) = 6 and β = −8]. This is obvious for the scalar field; for the Proca field, see Refs. [6, 22] and for the Fierz-Pauli field, see Ref. [10] .
The retarded Green function G ret ℓ (t; r, r ′ ) associated with the partial amplitude φ ℓ (t, r) is a solution of
satisfying the condition G ret ℓ (t; r, r ′ ) = 0 for t ≤ 0. It can be written as
where c > 0, r < = min(r, r ′ ), r > = max(r, r ′ ) and with W ℓ (ω) denoting the Wronskian of the functions φ in ωℓ and φ up ωℓ . These two functions are linearly independent solutions of the Regge-Wheeler equation
When Im(ω) > 0, φ in ωℓ is uniquely defined by its ingoing behavior at the event horizon r = 2M (i.e., for r * → −∞)
and, at spatial infinity r → +∞ (i.e., for r * → +∞), it has an asymptotic behavior of the form
Similarly, φ up ωℓ is uniquely defined by its outgoing behavior at spatial infinity
(8a) and, at the horizon, it has an asymptotic behavior of the form
In Eqs. (7) and (8), p(ω) = ω 2 − µ 2 1/2 denotes the "wave number" while A
ℓ (ω) and B (+) ℓ (ω) are complex amplitudes which, like the in and up modes, can be defined by analytic continuation in the full complex ω plane (or, more precisely, in a well-chosen multisheeted Riemann surface). By evaluating the Wronskian W ℓ (ω) at r * → −∞ and r * → +∞, we obtain
If the Wronskian W ℓ (ω) vanishes, the functions φ in ωℓ and φ up ωℓ are linearly dependent and propagate inward at the horizon and outward at spatial infinity, a behavior which defines the QNMs. The zeros of the Wronskian lying in the lower part of the complex ω plane are the frequencies of the (ℓ, n) QNMs. The contour of integration in Eq. (5) may be deformed in order to capture them (see, e.g., Ref. [31] ). By Cauchy's theorem and if we do not take into account the "prompt" contribution (arising from the arcs at |ω| = ∞) and the "tail" contribution (associated with the various cuts), we can extract from the retarded Green function (5) a residue series over the quasinormal frequencies ω ℓn lying in the fourth quadrant of the complex ω plane. We then obtain the contribution describing the BH ringing. It is given by
with
Here
denotes the excitation factor corresponding to the complex frequency ω ℓn . In Eq. (11), the real part symbol Re has been introduced to take into account the symmetry of the quasinormal frequency spectrum with respect to the imaginary ω axis and the modesφ ℓn (r) are defined byφ
and are therefore normalized so thatφ ℓn (r) ∼ 1 as r → +∞. In the sum (10), n = 0 corresponds to the fundamental QNM (i.e., the least damped one) and n = 1, 2, . . . to the overtones. It is important to recall that quasinormal retarded Green functions such as (11) do not provide physically relevant results at "early times" due to their exponentially divergent behavior as t decreases. In fact, it is necessary to determine, from physical considerations, the time beyond which they can be used and this time is the starting time t start of the BH ringing. This is the so-called "time-shift problem" (see, e.g., Ref. [30] for a clear discussion of this problem and references therein for related works). It can be "easily" solved for massless fields. We first note that the QNMs are semiclassically associated with the peak of the effective potential located close to r * ≈ 0. Then, by assuming that the source at r ′ * and the observer at r * are far from the BH (i.e., that r * , r ′ * ≫ 2M ) we have t start ≈ r * + r ′ * which is approximatively the time taken for the signal to travel from the source to the peak of the potential and then to reach the observer. For massive fields, the previous considerations must be slightly modified : it is necessary to take into account the dispersive behavior of the QNMs and therefore to define t start from group velocities. From the dispersion relation p(ω) = ω 2 − µ 2 1/2 , we can show that the group velocity corresponding to the quasinormal frequency ω ℓn is given by v g = Re[p(ω ℓn )]/Re[ω ℓn ]. This can be confirmed by noting that the factor exp[−iω ℓn t + ip(ω ℓn )r * ] appearing in (11) leads to the phase velocity
, an assumption formally valid for large r * ]. Because the peak of the effective potential still remains located close to r * ≈ 0, we then obtain t start ≈ (r * + r
, a result which depends on the angular momentum index ℓ and the overtone index n.
The quasinormal frequencies ω ℓn can be determined by using the method developed by Leaver [33] for massless theories and extended to massive fields by Konoplya and Zhidenko [34] . We have numerically implemented this method by modifying the Hill determinant approach of Majumdar and Panchapakesan [35] . The excitation factors B ℓn can be obtained by integrating numerically the Regge-Wheeler equation (6) for ω = ω ℓn with the Runge-Kutta method and then by comparing its solution to asymptotic expansions with ingoing and outgoing behavior at spatial infinity. In order to obtain stable results for "large" values of the mass parameter, it has been necessary to decode, by Padé summation, the information hidden in the divergent part of the asymptotic expansions considered (see, e.g., Chap. 8 of Ref. [36] for information on Padé summation).
In Fig. 1 , we consider the (ℓ = 2, n = 0) QNM of the massive scalar field [it should be noted that the resonant effects we shall describe for this particular QNM also exists for the (ℓ = 0, n = 0) and (ℓ = 1, n = 0) QNMs but are much more attenuated]. We display the effect of the mass on its complex quasinormal frequency ω 20 [see Fig. 1(a) ] and on the associated quasinormal excitation factor B 20 [see Figs. 1(b) and 1(c)]. In Fig. 1(b) , we can observe the strong resonant behavior of B 20 . It occurs around the critical valueα 20 ≈ 1.28447 and it is important to note that near, above and "far above" α 20 this QNM is weakly and even very weakly damped [see Fig. 1(a) ]. As a consequence, for masses in a rather large range aroundα 20 , the BH "intrinsic" ringings constructed from the quasinormal part (11) of the retarded Green function (5) and which are generated by the scalar perturbation have a huge amplitude and are, moreover, slowly or even very slowly decaying [see Fig. 1(d) and Fig. 1(e) ]. We compare them with the ringing generated by the massless scalar field which allows us to highlight the giant behavior of the ringings induced by the mas- 
TABLE II. Proca field (odd-parity sector). A sample of the first quasinormal frequencies ω ℓn and excitation factors B ℓn for α = 0 (massless vector field) and forα =α ℓn (massive vector field with the mass parameter corresponding to the maximum of the excitation factor). For a given angular momentum index ℓ, only the excitation factors of the lowest overtones present a strong resonant behavior. sive scalar field. It should be noted that we have plotted the ringings for r = 50M and r ′ = 10M but similar results can be obtained for various locations of the source and the observer. It is important to remark that, for α →α d ≈ 1.65..., Im[ω 20 ] and B 20 vanish and that abovẽ α =α d the (ℓ = 2, n = 0) QNM disappears. As a consequence, asα increases fromα = 0, the amplitude of the BH ringing increases, becomes huge in the large domain aroundα 20 and then decreases whenα →α d . However, it should be noted that when we explore the rangẽ α →α d , we encounter strong numerical instabilities and, in particular, it is very difficult to obtain numerically the vanishing of B 20 .
TABLE III. Proca field (even-parity ℓ = 0 QNMs). A sample of the first quasinormal frequencies ω ℓn and excitation factors B ℓn forα → 0 and forα =α ℓn (Proca field with the mass parameter corresponding to the maximum of the excitation factor). For a given angular momentum index ℓ, only the excitation factors of the lowest overtones present a strong resonant behavior. sive scalar field. Mutatis mutandis, all the effects already noted for the (ℓ = 2, n = 0) QNM are still present and we shall not discuss them again. We can, however, note that the maximum of the quasinormal excitation factor seems to increase rapidly with the angular momentum index ℓ, a rather surprising behavior, and to decrease with the overtone index n. In Table I , where we consider a rather large sample of QMNs, we confirm these behaviors. As a consequence, for a given value of ℓ, the giant BH ringings corresponding to the fundamental tone are the most interesting ones and, moreover, as ℓ increases, their amplitudes rapidly increase. We are quite disturbed by this last result which we are not able to explain simply. In Fig. 4 and in Table II , we consider the odd-parity QNMs of the Proca field. We can observe that their behavior (or, more precisely, the behavior of the complex quasinormal frequencies, of the quasinormal excitation factors and of the ringings) is rather similar to that of the QNMs of the massive scalar field.
In Table III , we consider the even-parity ℓ = 0 QNMs of the Proca field. We can observe that the resonant behavior of the quasinormal excitation factors is little pronounced, even for the fundamental tone.
In Fig. 5 and in Table IV , we consider the odd-parity ℓ = 1 QNMs of the Fierz-Pauli field and we observe that they presents lot of similarities with the ℓ = 2 QNMs of the massive scalar field and the odd-parity ℓ = 2 QNMs of the Proca field. We can note, in particular, the strong resonant behavior of the quasinormal excitation factor of the fundamental tone and the associated giant ringings. As already discussed in Ref. [16] , such ringings could have fascinating observational consequences.
III. RESONANT BEHAVIOR OF THE QUASINORMAL EXCITATION FACTORS : A SEMICLASSICAL ANALYSIS.
It is well known that the weakly damped QNMs of BHs which are associated with massless fields can be interpreted in terms of waves trapped close to the so-called photon sphere, i.e., the hypersurface on which a massless particle can orbit the BH on unstable circular null geodesics. This appealing interpretation has been suggested a long time ago by Goebel [37] , has been implemented in various articles (see, e.g., Refs. [29, 38, 39] for an approach based on eikonal considerations and Refs. [40] [41] [42] [43] for an approach based on Regge pole techniques) and allows us to provide analytical approximations for the complex frequencies of the QNMs. In a recent work [44] , Dolan and Ottewill introduced a novel and powerful ansatz for the QNMs of spherically symmetric BHs [44] . This ansatz, which agrees with Goebel's interpretation, permitted them not only to determine the quasinormal frequencies but also to obtain an analytical expression for the quasinormal excitation factors B ℓn of the Schwarzschild BH formally valid for large values of the angular momentum index ℓ [45] . In this section, we briefly explain how to extend the Dolan-Ottewill approach to massive fields and we then give an approximation for the quasinormal excitation factors discussed in Sec. II. It should be noted that we do not intend to enter into the technical aspects of its derivation because, mutatis mutandis, we extend "trivially" the calculations presented in Appendix A of Ref. [45] . We finally show that the semiclassical formula obtained describes very correctly the resonant behavior of the quasinormal excitation factors. It is important to note that, in this section, we only focus on the modes for which the large ℓ limit can be taken, i.e., on those of the scalar field and those in the odd-parity sector of the Proca field.
It is crucial to remark that two geometrical parameters are involved in the Dolan-Ottewill ansatz [see Eqs. (18) and (A13) of Ref. [45] as well as the discussion following Eq. (18) and, for more precisions and physical motivations, Sec. 5 of Ref. [44] ] : the "radius" r c = 3M of the photon sphere and the corresponding impact parameter b c = 3 √ 3M . For massive fields, the situation is much more complicated (see also Ref. [43] where the DolanOttewill method has been considered in the context of Regge pole techniques). Indeed, the corresponding geometrical parameters depend not only on the BH mass M but also on the rest mass µ and energy ω of the particle associated with the massive field considered (see, e.g., Ref. [46] ). The sphere on which the massive particle can orbit the BH on unstable circular timelike geodesics is located at r = r c (ω) ∈]3M, 4M [ given by
denotes the particle speed at large distances from the BH which can be expressed in term of the particle momentum p(ω) = ω 2 − µ 2 by v(ω) = p(ω)/ω. The critical radius r c (ω) defines an associated critical impact parameter
We recall that any massive particle sent toward the Schwarzschild BH with an impact parameter b < b c (ω) is captured while particles with impact parameter b > b c (ω) are scattered. It should be also noted that, for µ = 0, v(ω) = 1 and from Eqs. (14) and (16) we can then recover the parameters used by Dolan and Ottewill. These preliminary considerations permit us to understand that, in order to describe the QNMs of massive fields and to derive their excitation factors, the DolanOttewill ansatz (A13) of Ref. [45] must be replaced by
where the functions v ± ωℓ (r) are assumed to be regular for r → 2M , i.e., at the event horizon, and for r → +∞, i.e., at spatial infinity. It is then easy to show that the usual boundary conditions for the solutions of (6) with (3) are automatically satisfied, i.e., that φ
Mutatis mutandis, the derivation of the quasinormal excitation factors B ℓn can be realized by following the different steps of Appendix A of Ref. [45] and, more precisely, by using the standard WKB techniques as well as the usual matching procedures. After a tedious calculation, we obtain
where ξ = 7 + 4 √ 3 and with ζ c (ω) given by
It is straightforward to show that, for µ → 0, ζ c (ω) = (3 − 3 √ 3 + 4 ln 2 − 3 ln ξ)M and Eq. (18) then reduces to Eq. (31) of Ref [45] . It is also important (i) to recall that the Dolan-Ottewill approach we have extended for massive fields only provides, for the quasinormal excitation factors, a leading-order expansion in ℓ + 1/2 and (ii) to note that the spin dependence, or more precisely the coefficient β in (3), does not play any role.
In Figs. (6) , (7) and (8), we plot the behaviors of some quasinormal excitation factors. We consider the massive scalar field and the (ℓ = 3, n = 0), (ℓ = 3, n = 1) and (ℓ = 4, n = 0) QNMs. We compare the numerical results obtained in Sec. II ("exact" results) with the asymptotic results provided by formula (18) . It should be noted that we have put into this formula the "exact" behavior of the complex quasinormal frequencies ω ℓn we numerically obtained in Sec. II. For the two fundamental QNMs considered [see Figs. (6) and (8)], the agreement is impressive. In particular, the strong resonant behavior of the quasinormal excitation factors is very well predicted. For the overtone QNM [see Fig. (7) ], the agreement remains satisfactory and is even very good for low values of the mass. This is also the case for the (ℓ = 2, n = 0) fundamental QNM while the quasinormal excitation factors of the ℓ = 0 and 1 QNMs cannot be correctly described by formula (18) . Similar considerations apply for the QNMs in the odd-parity sector of the Proca field and formula (18) can be also used efficiently in this context. It gives results that are even more accurate because the coefficient β, which has been neglected in the derivation of (18) , vanishes for these QNMs. In Fig. (9) , we focus on the quasinormal excitation factor of the odd-parity (ℓ = 2, n = 0) QNM of the Proca field. The agreement between the exact and asymptotic results is again impressive.
IV. EXTRINSIC GIANT RINGINGS.
The quasinormal frequencies ω ℓn and the associated excitation factors B ℓn discussed in the two previous sections are intrinsic properties of the BH interacting with a massive bosonic field. As a consequence, the extraordinary ringings we have exhibited in Sec. II and which are constructed from the quasinormal retarded Green function (11) are not directly relevant to physics or astrophysics because they do not take into account the external mechanism which generates the BH distortion. In fact, it is necessary to check that if we consider a realistic perturbation of the BH, there still exists a giant ringing into the response obtained by convolution of the source of the perturbation with the retarded Green function. Of course, with astrophysical considerations in mind, it would be very interesting to consider as a source a "particle" falling radially or plunging into the BH but, in the framework of massive field theories, this is a very difficult problem which, to our knowledge, has never been addressed. To simplify our purpose, we shall consider a more simple problem, but despite that, it will provide us with interesting information.
We consider that the BH perturbation is generated by an initial value problem with (nonlocalized) Gaussian initial data [30] [31] [32] . More precisely, we assume that the partial amplitude φ ℓ (t, r) solution of (2) is given, at t = 0, by
and, moreover, satisfies ∂ t φ ℓ (t = 0, r) = 0. By Green's theorem and using (2) and (4), we can show that
describes the time evolution of φ ℓ (t, r) for t > 0. We can now insert (5) into (21) and deform again the contour of integration in the complex ω plane in order to capture the contribution of the QNMs. This allows us to isolate the BH ringing generated by the initial data. We have Here C ℓn denotes the excitation coefficient of the (ℓ, n) QNM. It is defined from the corresponding excitation factor B ℓn but, in addition, it takes explicitly into account the role of the source of the BH perturbation. We have The excitation coefficients C ℓn can be "easily" calculated. Indeed, in order to obtain the excitation factors B ℓn we have already constructed the functions φ in ω ℓn ℓ (r) and determined the coefficients A (+) ℓ (ω ℓn ) by solving numerically the Regge-Wheeler equation (6) . The evaluation of the integral in Eq. (24) is then elementary. It should be, however, noted that the numerical instabilities we discussed in Sec. II and that occur near the values of the mass parameter for which the B ℓn vanish are still present. They forbid us to investigate the behavior of the BH ringing (23) for the corresponding masses. It should be also noted that by describing the BH ringing by formula (23) we are again confronted with the "time-shift problem". Here, we shall consider that this formula can be used beyond the starting time t start ≈ [r * + r * (r 0 )]Re[ω ℓn ]/Re[p(ω ℓn )]. This seems rather reasonable if the width of the Gaussian function (20) is not too large, i.e., if a is not too small.
In Fig. 10 where we consider the (ℓ = 2, n = 0) QNM of the massive scalar field, we exhibit the strong resonant behavior of C 20 for particular values of the parameters a and r 0 defining the initial data (20) . It should be noted that, in fact, it depends little on these parameters. By comparing Fig. 10 and Fig. 1(b) , we can observe that the resonant behaviors of C 20 and B 20 are rather similar, both occurring for masses in a range where the QNM is a long-lived mode, but that the first one is more attenuated than the second one. It should be also noted that the positions of the maximums of |C 20 | and |B 20 | are slightly shifted. Similar considerations seem to apply for the other excitation coefficients C ℓn of the massive scalar field [see, e.g., Fig. 11 and Fig. 2(b) where we consider respectively the excitation coefficient C 30 and the excitation factor B 30 of the (ℓ = 3, n = 0) QNM] and for all the other massive bosonic fields. However, it is important to note that, for overtones, the resonance phenomenon is more and more attenuated as the overtone index n increases. As a consequence, we can predict that the extrinsic ringings generated by the fundamental QNMs are certainly the most interesting and that, like the corresponding intrinsic ringings, they have huge and slowly decaying amplitudes.
In Figs. 12 and 13, we focus again on the (ℓ = 2, n = 0) and (ℓ = 3, n = 0) QNMs of the massive scalar field. We plot, for the various masses already considered in Figs. 1 and 2, the BH "extrinsic" ringings defined by (23) and we compare them with the extrinsic ringings generated by the massless scalar field. We can immediately observe that giant and slowly decaying ringings also exist when we take into account the role of the source of the BH perturbation.
It should be noted that, in Figs defining the initial data (20) . In particular, in Figs. 14 and 15 where we highlight the extraordinary extrinsic ringings generated in the context of massive gravity by the odd-parity (ℓ = 1, n = 0) QNM of the Fierz-Pauli field, we point out the influence of r 0 .
V. CONCLUSION AND PERSPECTIVES
In this article, by considering three important massive bosonic field theories in the Schwarzschild spacetime, we have shown that the excitation factors of their long-lived QNMs have a strong resonant behavior with, as a consequence, the existence of giant and slowly decaying ringings in rather large domains of the mass parameter. We have more particularly studied the role of the angular momentum index ℓ and of the overtone index n of the QNMs and we have also checked that the resonant effect and the associated giant ringing phenomenon still exist when the source of the BH perturbation is described by an initial value problem with Gaussian initial data. Of course, we should now consider more realistic BH excitations such as the excitation by a "particle" falling radially or plunging and, with in mind astrophysical implications, to extend our study to the Kerr BH. Furthermore, it would be necessary to examine the full response of the BH to an external perturbation and not only the part associated with QNMs. Indeed, for massless fields, the QNM contribution can be easily identified into the full response of the BH but, for massive fields, the situation might be different due to their dispersive character. But even if this is the case, i.e., if the QNM contribution is blurred, it is nevertheless clear that the resonant behavior of the excitation factors of the long-lived QNMs must induce a huge amplification of the BH response.
It should be noted that, in the present study, we have only focussed on the QNMs which are governed by a single differential equation of Regge-Wheeler-type so our task has been greatly simplified. But what happens for the even-parity ℓ ≥ 1 QNMs of the Proca field as well as for the even-parity ℓ ≥ 1 QNMs and the odd-parity ℓ ≥ 2 QNMs of the Fierz-Pauli field? Do they generate giant ringings? Of course, this seems quite natural (we have just shown that, for the QNMs of the massive scalar field and for the odd-parity QNMs of the Proca field, giant ringings exist for all values of the angular momentum ℓ) but remains to be proved which is far from obvious : indeed, depending on the parity sector and the angular momentum index, these QNMs are governed by two or three coupled differential equations [6, 10, 22] and, as a consequence, the corresponding excitation factors and ringings are more challenging to compute while, at first sight, a semiclassical approach of the problem seems out of reach.
It should be also noted that we have numerically and semiclassically shown that the maximum of the amplitude of the quasinormal excitation factors increases rapidly with the angular momentum index ℓ. We are quite disturbed by this puzzling result which we are not able to explain simply but we believe that it is harmless. Indeed :
(i) if it was limited to the spin-2 field, we might associate it with a new kind of BH instability but, because it also exists for the other two bosonic fields, such an explanation is not satisfactory,
(ii) it does not seem to lead to a divergent behavior of sums like (10) or (22) because, even if we consider a value of the mass parameter for which one of the QNM generates a huge contribution, the contributions of all the other QNMs vanish or are neglectable.
We have motivated our work by the possible implications for ultralight bosonic fields but, of course, our results could have also consequences in the context of ordinary massive bosonic fields interacting with primordial BHs. In this context, it would be interesting to consider, in addition, massive fermionic fields and to check that the resonant effects studied in this article also exist for such fields.
Let us finally note that the strong resonant behavior of the excitation factors of the long-lived QNMs is a new effect in BH physics so lot of work remains to be done to understand all its physical consequences. This article and our previous one [16] are a first step in this direction, limited to astrophysical implications, but we think that this effect could also have interesting implications in the context of quantum field theory in curved space-time (Hawking effect and absorption cross section, renormalized stress-energy tensors and associated correlators, etc.) and perhaps in string theory and, more particularly, in the context of the Kerr/CFT correspondence. Some of these directions will be explored shortly.
